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Abstract
This paper studies the perturbation of soliton due to the chiral nonlinear Schrödinger’s equation by the
aid of soliton perturbation theory. The perturbation term that is studied is the quantum potential perturbation
of the chiral soliton that is known as Bohm potential. The stable fixed point of the chiral soliton parameters
is obtained.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Solitons play a fundamental role in the non-perturbative developments in the Quantun Field
Theory [1–10]. A class of gauge theoretical model that describes the non-relativistic matter cou-
pled to a Chern–Simons gauge field, was first introduced by Jackiw and Pi [5,6] for a simple
understanding of non-relativistic interacting anyons. This is relevant to the description of the
edge states of the Fractional Quantum Hall Effect. This model admits novel chiral solitons, mov-
ing in one direction. These chiral solitons play an important role in the context of quantum Hall
effect, where chiral excitations are known to appear.
The chiral nonlinear Schrödinger’s equation (CNLSE) that is going to be studied in this paper
is given by [7,9,10]
(1)iqt + 12qxx + iλ(qq
∗
x − q∗qx)q = 0.
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through derivative coupling [2]. This kind of nonlinearity is also known as the current density
unlike the case of cubic nonlinearity that is also known as the Kerr nonlinearity or charge density
that appears in the study of nonlinear fiber optics [7]. It is to be noted that the nonlinear term in
(1) changes sign under the parity x → −x and thus the CNLSE does not possess parity. It is also
not Galilean invariant and thus the canonical momentum is not conserved. The CNLSE, given by
(1) is not integrable by the classical method of Inverse Scattering Transform (IST) as it will fail
the Painleve test of integrability.
2. Mathematical analysis
As pointed out that the CNLSE is not integrable by IST, closed form 1-soliton solution how-
ever exists for (1). They are obtained by progressive waves that was obtained in 1998 [9]. Thus,
the 1-soliton solution of the CNLSE (1), is given by [9]
(2)q(x, t) = A
cosh[B(x − vt)]e
i(vx+ωt+σ0),
where
(3)B = A√2λv
and
(4)ω = v(2λA
2 − v)
2
.
Here, A is the amplitude of the soliton, B is the inverse width of the soliton, v is the soliton
velocity and ω is the wave number, while σ0 is the phase constant. It is to be noted that this bright
soliton exists when λv > 0 as seen from (3). However, for λv < 0, there exists dark solitons that
are given by
(5)q(x, t) = A tanh[B(x − vt)]ei(vx+ωt+σ0),
where
(6)B = A√−2λv
and
(7)ω = v(4λA
2 − v)
2
.
Thus Eq. (1) has bright or dark solitons that are given by (2) or (5), respectively, depending on
the sign of λv. This phenomena makes the solitons chiral. In this paper, however, the focus is
going to be in the study of bright soliton that is given by (2). From (2)–(4), one can observe that
the solitons have two free parameters which are the amplitude (A) and the velocity (v), while the
third parameter, which is the wave number ω, is related to these two independent parameters as
given by (4).
One of the intrinsic properties of the CNLSE, given by (1) is that it has at least four integrals
of motion or conserved quantities. They are as follows [8]:
(8)I1 =
∞∫
|q|2 dx = B
λv
,−∞
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∞∫
−∞
(q∗qx − qq∗x ) dx =
2B
λ
,
(10)I3 =
∞∫
−∞
[
λ|q|4 + 2i(q∗qx − qq∗x )
]
dx = 4A
2
3B
(
λA2 + 6v)
and
(11)
I4 =
∞∫
−∞
[
λ|qx |2 + 2iλ|q|2(q∗qx − qq∗x ) + λ2|q|6
]
dx
= 2A
2
15B
(
15v2 + 5B2 + 40λvA2 + 8λ2A4).
In order to evaluate the conserved quantities that are given by (8)–(11), the 1-soliton solution
given by (2) is utilized. From these conserved quantities, one can conclude that the soliton pa-
rameters stay constant, all through. Thus,
(12)dA
dt
= dB
dt
= dv
dt
= 0.
3. Adiabatic parameter dynamics
In presence of perturbation terms, the soliton parameters do not stay constant. In fact, they
undergo adiabatic deformation. The laws of these deformation will be given in this section. To
start with, the general form of the perturbed CNLSE that will be considered in this paper is given
by
(13)iqt + 12qxx + iλ(qq
∗
x − q∗qx)q = iR,
where R represents the perturbation terms and  is the perturbation parameter so that 0 <   1.
In presence of these perturbation terms, the conserved quantities undergo an adiabatic deforma-
tion. The laws of changes of the first two conserved quantities I1 and I2 are given by
(14)dI1
dt
= 
∞∫
−∞
(q∗R + qR∗) dx
and
(15)dI2
dt
= 2i
∞∫
−∞
(q∗xR − qxR∗) dx.
Thus, from (3), (8), (9), (14) and (15), one can recover the adiabatic deformation of the soliton
parameters as
(16)dA
dt
= λA
2B
[
i
∞∫
(q∗xR − qxR∗) dx + v
∞∫
(q∗R + qR∗) dx
]
,−∞ −∞
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dt
= iλ
∞∫
−∞
(q∗xR − qxR∗) dx
and
(18)dv
dt
= λv
B
[
i
∞∫
−∞
(q∗xR − qxR∗) dx − v
∞∫
−∞
(q∗R + qR∗) dx
]
.
It is to be noted that in the limiting case when  approaches zero, the relations (16)–(18) reduce
to (12).
3.1. An example
In this section, an example of the perturbation term will be considered. In presence of such a
perturbation term, the adiabatic variation of the soliton parameters will be computed by virtue of
(16)–(18). The perturbation term that is going to be considered is given by
(19)R = α
( |q|xx
|q|
)
q.
This perturbation term represents the perturbed quantum potential of the CNLSE. The quantum
potential contribution compensates to U(1) gauge invariant contribution to dispersion on the
left-hand side of (13). This potential is called the Bohm potential that is also known as the
internal self-potential that was introduced by de Broglie and explored by Bohm to introduce
the hidden variable theory. It is thus responsible for producing quantum behaviour so that all
quantum features are related to its special properties. The role of the quantum potential is to
change the dispersion of the CNLSE (1).
Thus, the perturbed CNLSE that is going to be studied is given by
(20)iqt + 12qxx + iλ(qq
∗
x − q∗qx)q = iα
( |q|xx
|q|
)
q.
Substituting R from (19) into (17) and (18) respectively and carrying out the integration using
the 1-soliton solution given by (2), yields the dynamical system of the soliton parameters as
(21)dB
dt
= 4
3
αλvA2B(3 − 2B),
(22)dv
dt
= 0,
which yields the fixed point of the soliton parameters as
(23)(B¯, v¯) =
(
3
2
, v0
)
,
where v0 is a constant. From (3), the fixed point of the amplitude is given by
(24)A¯ = 3
2
√
2λv0
.
Therefore, the fixed point, in terms of the amplitude, is written as
(25)(A¯, v¯) =
(
3√ , v0
)
.2 2λv0
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(20), gets locked to the fixed point given by (23) or (25) and is stabilized there.
4. Conclusions
In this paper, the adiabatic parameter dynamics of chiral solitons are studied. In particular,
the focus was on bright solitons, although there exists dark solitons depending on the sign of
the velocity of the soliton. In particular, the soliton perturbation theory was used to study this
problem. The fixed point of the soliton is obtained in presence of this perturbation term.
In future, this perturbed CNLS equation will be integrated by using the multiple-scale per-
turbation theory or, may be, the homotopy perturbation theory. Also, the stochastic perturbation
will be taken into account, in addition to the deterministic perturbation terms. Those results will
be published in future.
Acknowledgements
This research was fully supported by NSF-CREST Grant No. HRD-0630388 and the support
is genuinely and sincerely appreciated.
References
[1] U. Agiletti, L. Griguolo, R. Jackiw, S.Y. Pi, D. Semirara, Anyons and chiral solitons on a line, Phys. Rev. Lett. 77
(1996) 4406–4409.
[2] D. Bazeia, F. Moraes, Chiral solitons in generalized Korteweg–de Vries equation, Phys. Lett. A 249 (5–6) (1998)
450–454.
[3] C. Cebulla, K. Goeke, J. Ossmann, P. Schweitzer, The nucleon-form factors of the energy–momentum tensor in the
Skyrme model, Nucl. Phys. A 794 (1–2) (2007) 87–114.
[4] L. Griguolo, D. Seminara, Chiral solitons from dimensional reduction of Chern–Simons gauged nonlinear
Schrödinger equation: Classical and quantum aspects, Nucl. Phys. B 516 (1–2) (1998) 467–498.
[5] R. Jackiw, S.-Y. Pi, Soliton solutions to the gauged nonlinear Schrödinger equation on the plane, Phys. Rev.
Lett. 64 (25) (1990) 2969–2972.
[6] R. Jackiw, S.-Y. Pi, Time-dependent Chern–Simons solitons and their quantization, Phys. Rev. D 44 (8) (1991)
2524–2532.
[7] R. Jackiw, A nonrelativistic chiral soliton in one dimension, J. Nonlinear Math. Phys. 4 (3–4) (1997) 261–270.
[8] J.-H. Lee, C.-K. Lin, O.K. Pashev, Shock waves, chiral solitons and semi-classical limit of one-dimensional anyons,
Chaos Solitons Fractals 19 (1) (2004) 109–128.
[9] A. Nishino, Y. Umeno, M. Wadati, Chiral nonlinear Schrödinger equation, Chaos Solitons Fractals 9 (7) (1998)
1063–1069.
[10] M. Wadati, K. Sogo, Gauge transformations in soliton theory, J. Phys. Soc. Jpn. 52 (2) (1983) 394–398.
